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Introduction

Introduction

Z(x, t) = µ(x, t) + S(x, t)

second order spatio-(temporal) random field

Inference Possible non-stationarity in the covariance structure

Prediction complexity O(n3), storage O(n2)

T. Romary et al. (Mines ParisTech) RESSTE 2 / 25



Introduction

Notations

n size of the dataset

z = {z(x1), . . . , z(xn)} : data

C covariance fonction

C covariance matrix associated to the data

f deterministic covariates
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Introduction

Universal kriging system
Matrix form

f0 =

f00...
f0L

 , F =

f10 . . . f1L
...

. . .
...

fn0 . . . fnL

 , µ =

µ1...
µL


We have

Z∗ = Λtz

Kriging system and variance

(
C F
Ft 0

)(
Λ
µ

)
=

(
C0

f0

)
and σ2UK = C(0)− ΛtC0 − µtf0
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Introduction

Universal kriging system

Z∗ = C ′0C
−1z + (f ′0 − C ′0C−1F)(F′C−1F)−1F′C−1z

Idea
C = A+ PBP t

where

A is sparse

P is a n× p matrix with p� n

Sherman-Woodbury-Morrison formula

C−1 = A−1 −A−1P (B−1 + P tA−1P )−1P tA−1
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Introduction

Spatio-temporal framework

Satellite / Remote sensing data {Z(x, t) : x ∈ X ⊂ Rd, t = 1, . . . , T},
d = 2, 3
Spatio-temporal mixed effect model (Katzfuss and Cressie [2011])

Z(x, t) = µ(x, t) + S(x, t) +

p∑
i=1

ξi(t)Pi(x)

where

µ mean function

S second order random function

Ξt = (ξt1, . . . , ξ
t
p) centered, square-integrable random variables

Pi(x) basis functions
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Introduction

Spatio-temporal framework

Temporal Structure

µ(x, t) = ft(x)′βt

Ξt = HtΞt−1 + ut, such that var(Ξt|Ξt−1) = Bt

S(x, t) = σ(x, t)εxt, where ε is a Gaussian white noise

Inference by EM algorithm, see Katzfuss and Cressie [2011]
Prediction by kriging, filtering, smoothing
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Introduction

Spatial-only framework

Assume E(Z(x)) = 0

Z(x) = S(x) +

p∑
i=1

ξiPi(x) + ε(x)

cov(Z(x), Z(y)) = C(x, y) = D(x, y) + P (x)tBP (y) + σ2xδxy

cov(S(x), S(y)) = D(x, y) = CNS(x, y)CCS(x, y)

where

CNS is a non stationary covariance function (Fouedjio et al. [2014])

CCS is a compactly supported covariance function (Furrer et al.
[2006], Gneiting [2002]), with fixed range parameter
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Inference

Inference

Several steps

1 Adjust D

2 Select p basis function from a dictionary by minimizing

‖z − Pβ‖22 + λ‖β‖1

3 Estimate B
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Inference

D term

Compute and fit a local kernel variogram estimator at a set of knots

Interpolate the parameters over the domain to get
D̂(x, y) = CNS(x, y)CCS(x, y)

see Fouedjio et al. [2014] for more details
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Inference

Selection of basis functions

Dictionary
Multi resolution basis made of columns of compactly supported
covariance matrices (including anisotropic ones)

Selection by LASSO (glmnet)

‖z − Pβ‖22 + λ‖β‖1

λ is set by cross-validation
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Inference

Estimation of B

1 Compute a non-parametric estimator of the covariance at a set of
knots

ĈK(x, y) =
1

ΣKxy

∑
i,j

Kij(z(xi))(z(xj))

where Kij = Kh(x− xi, y − yj) and ΣKxy =
∑

i,jKij

2 Compute P = QR

3 Compute
B̂ = R−1QT (ĈK −Aθ̂)Q(R−1)T
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Example

Example

Synthetic data on [0, 1]2, Gaussian RF, centered with covariance

C(x, y) = 0.3sph(|x− y|, 0.1) + P (x)tBP (y) + 0.1δxy

where

P 50 basis functions taken at random among 736

B drawn from a Wishart distribution

Comparison between full model, small scale only, basis functions only, true
model
range of the small scale term = 0.05
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Example

Reference realization

Figure :
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Example

Reference realization sample (5000)

Figure :
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Example

Building the dictionary

Ingredients

models: cubic, Wendland 2

ranges: 0.5, 0.3

angles: 0, π/6, π/3, π/2, 2π/3, 5π/6

736 basis functions in total
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Example

Selection

Figure :
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Example

Kriging map: full model

Figure :
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Example

Kriging map: full model

Figure :
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Example

Kriging map: short scale only

Figure :

T. Romary et al. (Mines ParisTech) RESSTE 20 / 25



Example

Kriging map: basis only

Figure :
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Example

Kriging map: true model

Figure :
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Example

Results

Model MSE MSE (true)

Full 0.45 0.005

Taper only 0.48 0.03

Basis only (36) 0.35 0.17

True model 0.45 0
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Example

Discussion

Work in progress

Lots of tuning:

knots (basis functions, variogram estimation, covariance estimation)
parameters of the basis functions
bandwidth parameters

Prediction variances
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Example
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Sparse approximation: Covariance Tapering
Principle

Ctap(x, y) = C(x, y)Cθ(x, y)

where Cθ(x, y) is a compactly supported kernel

=⇒ Ctap(x, y) generates a sparse matrix

Complexity O(n), storage O(n)

R. Furrer, M. G. Genton, and D. W. Nychka. Covariance tapering for interpolation of large
spatial datasets. Journal of Computational and Graphical Statistics, 15(3):502–523, 2006
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Low rank approximation
Principle

CLR(x, y) = σ2δxy + P (x)′B P (y)

where σ2 is the variance of the nugget, P is a vector of p basis functions,
B ∈ Rp×p with p� n

Complexity O(n× p2), storage O(n× p)

N. Cressie and G. Johannesson. Fixed rank kriging for very large spatial data sets. Journal
of the Royal Statistical Society. Series B, 70:209–226, 2008

S. Banerjee, A. E. Gelfand, A. O. Finley, and H. Sang. Gaussian predictive process models
for large spatial data sets. Journal of the Royal Statistical Society. Series B, 70(4):
825–848, 2008
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Combination
Principle

C(x, y) ≈ Ctap(x, y) + P (x)′B P (y)

Inversion by the Sherman-Morrison-Woodbury formula

Complexity O(n× p2), storage O(n× p)

M. L. Stein. A modeling approach for large spatial datasets. Journal of the Korean
Statistical Society, 37:3–10, 2008

H. Sang and J.Z. Huang. A full scale approximation of covariance functions for large
spatial data sets. Journal of the Royal Statistical Society. Series B, 74(1):111–132, 2012
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